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ABSTRACT

Various previous studies have determined that tne
prowability of a collision between the Skylab and a piece of
orpiting debris is quite low =~- on the order of .03%.
Hevertheless, it seems prudent to take action to detect and
avoid a collision if the effort required is not unreasonable
and if there is a reasonable expectation of success.

Since iIORAD already has the task of maintaining
surveillance on objects in earth orbit and daily tracks and
reports on their orbit parameters, they would seem to e the
logical fundamental data source for collision prediction.
Accordingly, NORAD personnel described their capabilities at
a presentation at the Manned Spacecraft Center. NORAD would

require additional facilities, personnel and funding to provide

tile detecting and predicting function and at best, tiney coul
predict the location of an object with an accuracy of aoout
kKilometer. Tiis memorandum sihows that witn tais degree of

d
one

accuracy, and given taat a collision or near miss is predicted,

tne provavility that one will actually occur is on tiie order

of one to ten percent. Tnis accuracy of preaiction is certainly

less tuan one would desire. Furtnermore, there is evidence
tuat there are a significant number of ownjects wiicn represe
a potential nazard to tne Skylab nut wanica are too small to
tracked by NORAD,

In summary, it appears tnat a significant increase
WORAD capability would ve required to solve only a portion o
tne problem and even then, the solution would ve of low qual

nt
e

in
£
ity

and might simply produce many false alarms. Consegquently, an

active orbit collision detection and avoidance capawility do
not appear justified at this time -~ especially in view of t
ratner low probability of a collision.
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MEMORANDUM FOR FILE

Introduction

Several recent studies have determined that tne
probability of a collision between the Skylab and a piece of
orbital debris (including the spent Skylab S-II stage, the
payload shroud panels, as well as assorted pieces from other
programs) is small -- on the order of .03% (sec Refercnces 1,

2, 3, and 4) for the current 235 nm Skylab orbit. Nevertheless,
prudent operation dictates that action should be taken to detect
and avoid a collision if the effort required is not unreasonable
and if there is a reasonable expectation of success., Since
JORAD already has the task of maintaining surveillance on objects
in earth orbit and daily tracks and reports on their orbit
parameters, they would seem to be the logical fundamental data
source for collision prediction. Accordingly, NORAD described
their capabilities to a number of MSC and MSC=-contractor
personnel at a briefing in December of 1970. As a result of

the briefing and some work of their own, Messrs. M. L. Donahoo
(MSC-MPAD) and J. Lewis (TRW Systems-liouston) have summarized
the situation as follows:

l. The required increase on sensor (radar) tracking
would increase the sensor workload by 20% to 50%.

2. NORAD would require two hours per day additional
computer time to process the additional data.

3. The increase in NORAD orbital analyst activities
would require at least one additional analyst per
shift for the duration of the mission.

4. There is evidence that there are a significant
number of objects which represent a potential



nazard to the Skylab, but which are too small
to be tracked by [IORAD.

5. The future position of a piece of debris that
is tracked intensively is accurate to about one
kilometer for reasonable prediction tines.

Current NORAD equipment and funding are not capable
of absorbing the extra load required by the first three points.
This memorandum reports on a brief study which quantitatively
assesses the impact of the fifth point. Tue fundamental question
to be answered is: Given that a collision (or near miss) between
the Skylab and some object is predicted to occur at some short
time in the future -- what is the probability that a collision
will actually occur?

Assumptions Used

To answer this question, we must know how much
dispersion is associated with the predicted positions of the
Skylapb and the debris particle in the vicinity of the predicted
collision. This information is contained in the covariance
matrix which is customarily calculated as part of the radar
data filter. The shape and size of the distribution depends
neavily on the amount, quality, and time distribution of the
radar rmeasurements and the prediction time from the last data
point to the potential collision instant. Regardless of the
intrinsic accuracy of the radar measurement, the effect of
increasing the prediction time is to spread the distribution
along the orbit path, so that for predictions over several
orbits, as would be required for collision avoidance, tne
distribution would become quite elongated.

Specific quantitative data on the potential accuracy
of NORAD tracking is not readily available, so we are forced
to use NASA MSFN data and assume that it is representative of
what NORAD could do. Accordingly, a state vector uncertainty
covariance matrix was selected from Reference 5. It represents
the results attainable from two SL-1 passes over [ISFN C-band
(skin tracking) stations with the computed state vector
propagated forward over four orbits. Tiae size of its position
dispersion corresponds to the value in item 5 above, assuming
the one kilometer is a three-sigma value.

The matrix is presented in Table 1., It is expressed
in UVW coordinates where U is along the object's radial
direction, V is in the in-plane downrange direction, and W is
out-of plane completing the orthogonal set. In order to save



the reader the effort of taking square roots etc., the matrix
is presented with the diagonal elements as the standard
deviations (one sigma) in feet and feet per second and the off-
diagonal terms are tne correlation coefficients.

It was further assumed that the Skylab and tae debris
state vector uncertainties can each be represented oy tiis
matrix and that the matrix is valid at the time of predicted
closest approach. Note that if the debris oroit plane intersects
the Skylab orbit plane with some wedge angle, the UVW coordinate
system for the two will not be parallel. Accordingly, an
inertial coordinate system representation of the matrix will
tnen be different for the Skylab and the debris.

In addition to the state vector uncertainties, the
probability of a collision is also a function of the wedge angle
between the orbit planes of the Skylab and the debris and the
trajectory of the debris relative to the Skylab near the time
of closest approach. Since the wedge angle can vary over a
wide range (from Oto 90 degrees for an object with the same
inclination as the Skylab), orbit plane wedge angle was simply
treated parametrically without regard for the inclination of
any particular piece of debris.

The in-plane relative trajectory characteristics depend
on the apogee and perigee of the debris orbit relative to the
Skylab's 235 nm circular orbit. AaAn object with perigee at or
just below 235 nm and apogee substantially greater tnan 235 nn
for example, will pass the Skylab more or less norizontally.
On the other hand, an object with a perigee altitude of 200
rniles and an apogee altitude of 300 miles will have a rore or
less vertical motion relative to the Skylab. Ian either case,
the radial component of velocity will oe substantially smaller
than tne downrange component so the position error ellipsoid
can be expected to nave its long axis in tne Lnorizontal plane
-- parallel (for the coplanar case) to tne long axis of the

Tl

Skylab error ellipsoid.

Consider for tne moment, the case wherein the Skylab
position is perfectly predictable and the location of the debris
is known to the accuracy represented by the covariance matrix
presented in Table 1. Further assume that the debris object
is predicted to intercept the Skylab at some point in time and
its orbit is coplanar with the Skylab. Icar the time of
predicted intercept, the volume of the Skylab can be envisioned
to "sweep out" a volume of the object's position error ellipsoid.
If that volume includes the actual location of the object, a
collision will result. If the motion of the object relative
to the Skylab is largely horizontal, the swept volume will be



along the long axis of the ellipsoid whereas if the relative
motion is largely vertical, the swept volume will be along the
shorter vertical axis. The swept volume will be larger for the
norizontal motion case and consequently the probability of a
collision will be greater. lote that for tie horizontal riotion
case, the length of the ellipsoid's long axis =~ the uncertainty
in downrange position -=- will have no effect on the probability
of a collision, Similarly, the size of the radial component

of position uncertainty iias no effect on the collision
probability for the vertical relative motion case. Tiue actual
situation witn Skylab location uncertainty as well as debris
location uncertainty and relative motion near tiie time of closest
approach different from strictly horizontal or vertical is more
complicated than the simple case just described, but
cqualitatively, one can expect the same conclusion.

At tine beginning of this study, it scered reasonable
to expect that the purely vertical and horizontal relative
riotion situations would be the limiting cases and one could
oound the possible values of the probability of a collision by
simply examining the two cases. l!oreover, with relative motion
occurring nearly along the eigenaxis of the position uncertainty
cllipsoid, the problem appeared amenable to an analytic solution.
Such a solution was found and is detailed in Appendix A.
dasically, the technique works as follows: The Skylaw is assumed
to be represented by a rectangle oriented perpendicular to tae
line of its mean motion relative to the debris -- c.g. vertically
or nhorizontally. As tne Skylab moves througii the debris position
error ellipsoid, a parallelopiped shaped volume is swept out.
[ne probability of a collision is then given by the product of
tne probapbility of the debris being in the swept volume times
the probability that the Skylab is on the seclected path -- i.e.,
the joint probability. (The rectangle shape for tae Skylab was
selected to simplify the integration limits in the computation
of the probability that the debris is in the swept volume.)
Tane total probability is then the integral of these joint
probabilities over all the possible paths tile Skylab might aave
(within the three sigma limits of its position uncertainty
distribution). Wnile the solution is analytical, its form is
tnat of a multiple integral which was actually performed
numerically. Note that only the position (upper left 3 x 3)
portion of the uncertainty covariance matrix is considered in
tlie solution. Incidentally, the simplifying assumption of
relative nmotion along the cigenaxes was not required in tiis
technique.

Since the analytic approach might have turned out to
be nore formidable than it did and it was necessary to verify
that some of the simplifying assumptions required were



justifiable, a second independent approacu to the problem was
also tried. Tuis approachh was a lMonte Carlo trials technique
wherein numerous random samples were taken from the covariance
natrices representing the Skylab and debris state vector
uncertainties. The samples were added to the mean state vectors
and then propagated forward or backward in time to the point
of closest approach. The closest approach distance was
calculated and essentially an estimate of the miss distance
cumulative probability distribution was constructed. Details
of this technique are presented in Appendix B. Lach approach
has different strengths and weaknesses but fortunately, the
results were comparable.

Results

Figures 1 and 2 present the cumulative distribution
functions for the probability of the debris passing witnin some
distance of the center of the Skylab given that the expected
niss distance is zero -- that is, the means of the position
uncertainty distributions intersect. Data for several different
values of orbit plane wedge angle are included. Figure 1
represents tile case wherein the relative motion is essentially
norizontal, while Figure 2 represents the vertical relative
rmotion case. With the Appendix B method, these cases were
generated using debris orbits of 235 nm x 500 nm and 200 nm x
300 nm respectively (the numbers represent tae altitudes of
perigee and apogee). For the purposes of tnis discussion, a
miss by less than 100 feet will Le considered a collision and
probability values will generally oe related to this niss
Gistance. The 100 foot figure includes an allowance for the
size of the Skylab, tne debris object, and a bit for
conservatism, Probability values for other miss distances can
be read from Figures 1 and 2.

As expected, the coplanar horizontal motion case results
in the highest probability of a collision -- about 9%. When
a small amount of wedge angle is present, however, the
probability is substantially lower -about 1.2% for a ten degree
wedge angle. The probability then increases monotonically with
wedge angle to a maximum of about 9% again at the 180 degree
wedge angle point. liote that the 180 degree wedge angle case
is also a coplanar situation although the objects are converging
from opposite directions,

For the vertical relative motion situation, Figure 2,
the probability of the debris passing witnin 100 feet is about
1.3% for the zero wedge angle case. At ten degrees and larger
wedge angles, the probabilities are virtually identical to the



while tne data for Figures 1, 2, and 3 was generated using tine
Appendix B technique. The slight differences are attributed

to the fact that the Appendix B technique computes the
probability associated witn a 100 foot miss for example, on the
vasis of the debris coming within a 100 foot sphere of the
Skylab. Tne Appendix A technique computes tihe 100 foot niss
probability by using a square with an area equal to the area

of a 100 foot radius circle. In fact, data points for all five
figures were generated using both techniques and no significant
discrepancies were found.

Conclusions

Given that a collision or near miss vetween the Skylab
and a piece of orbital debris is predicted, the uncertainty of
the prediction is so large that the probability that a collision
will actually occur is on the order of 1 to 10%. Thne probability
is principally a function of the wedge angle between the Skylab
orbit plane and the debris orbit plane. It is smaller for wedge
angles near 0 degrees and maximum for wedge angles near 180
degrees. For wedge angles near 0 uegrees only, the probability
is also a function of the debris apogee and perigee altitudes
relative to tne Skylab's 235 mm circular orbit. If tue debris
orbit has a perigee (apogee) altitude near 235 nm and an apogee
(perigee) altitude significantly different from 235 nm, the
probability of a collision, given that one is predicted, is
near the 10% value. Otherwise, it will be nearer the 1% value.
In addition, of course, the probability is a function of tie
predicted miss distance. The probability decreases rather
rapidly for increasing predicted misses in the out-of-plane or
radial directions but it is significantly less sensitive to
predicted misses in the in-plane downrange direction.

These probability values are associated with tracking
and prediction accuracies which HORAD has stated are about the
best they can do for predicting Skylab-debris orbital collisions.
Even this level of accuracy would require NORAD facilities,
personnel, and funding in excess of what is currently available.
The accuracy of the predictability of a collision is certainly
less than one would desire and an active orbit collision
prediction and avoidance capability does not appear justified
at this time =-- especially in view of the rather low probability

of a collision.
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uorizontal relative motion case, Tiais identity occurs because
tie few hundred feet per second relative radial velocity (or
difference in velocity magnitude) is small compared to the
thousands of feet per second relative out-of-plane velocity.

In the short period of time during which the position uncertainty
error ellipsoids intersect, relatively little vertical motion
takes place.

Figure 3 presents the 100 foot miss distance
probabilities versus wedge angle for poti cases. The Figure
3 data repeats data shown on Figures 1 and 2 but was gencrated
and presented to show that the probabilities are symmetric about
zero degrees wedge angle as one would expect.

Figures 4 and 5 present the probabilities of a collision
given that the debris is predicted to miss the Skylab by sone
amount. Figure 4 considers the horizontal coplanar relative
motion case, while Figure 5 presents the vertical coplanar
relative motion case. .ote that, as one nigat expect, the
rate of decrease in the probabilities witih increasing predicted
niss distance (displacernent of tlie means) varies according to
thie direction of the predicted miss and this variation correlates
with the relative size of the one sigma position errors for
tnat direction. In the horizontal relative motion case, tae
value of the probability of a collision is an order of magnitude
lower than the zero miss value for a predicted miss of about
550 feet in the radial direction or about 350 feet in the out-
of-plane direction. (Recall that in the horizontal coplanar
motion case, a downrange displacement of the point of closest
approacihh has no effect on the probabilities.) Tie probability
of a collision in the vertical coplanar relative motion case
is down an order of magnitude from the zero miss value when the
predicted out-of-plane riss is about 400 feet or when the
predicted downrange miss is about 3000 feet.

The probability of a collision given a non-zero nean
niss distance is a function of the orbit plane wedge angle just
as it was in the zero mean miss distance case. 1In fact the
functional relationship is of the same form as shown in Figure
3 where the maximum probability points occur at the 0 and 180
degree points and minimum values occur near ten degrees wedge
angle. Tihe amount of data required for detailed plots
illustrating this fact were not generated although sufficient
data was generated to verify its truth.

A careful reader will note a slight discrepancy between
zero miss distance probability values presented on Figures 4
and 5 and those presented on Figures 1, 2, and 3. The data for
Figures 4 and 5 was computed using the Appendix A technique
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APPENDIX A

ANALYTIC DETERMINATION OF THE PROBABILITY OF A COLLISION

A possible collision between Skylab and a piece
of orbiting debris must be expressed in probabilistic terms.
Actual locations of both objects are predictable from
tracking data only in a statistical sense by a three-variable
Gaussian distribution function. Since the locus of a set of
equiprobable points in such a distribution is an ellipsoid,
the region in which the object is likely to be located is often
called the uncertainty ellipsoid. Uncertainty ellipsoids move
with time along the mean or expected paths of the Skylab and
the debris, which are assumed to correspond to the predicted
paths. If the uncertainty ellipsoids (say for the three sigma
probability level) do not intersect at any time, then it is
known that the probability of a collision is negligible. 1If,
on the other hand, these ellipsoids do intersect for some
duration of time, then a collision is possible. The statement
that a collision or near miss is predicted then means that at
some point in time, the centers of the two uncertainty ellip-
soids coincide or nearly coincide.

The debris (D) is represented by a point and the
Skylab (L) is represented by a rectangle oriented perpendicular
to the direction of the relative velocity of L with respect to
D. It is convenient to take rectangular coordinate axes with
the origin at the center of the D-ellipsoid and the Z-axis
parallel to the velocity of L relative to D. The X and Y axes
are parallel to the sides of the rectangle that represents L.
The implicit assumption of rectilinear motion here is reason-
able since we are concerned only with the portions of the
trajectories when the ellipsoids of uncertainty intersect.
Consider another, small rectangle

R = {(x,x + 8x) x (y,y + Ay)}

in the (x,y) plane. Since the relative velocity of the means
is perpendicular to this plane, it is valid to ask: what is




the probability P_ that the center of L passes through R?

R
An equivalent question is what is the probability that at
any instant in time, the center of L lies in the doubly
infinite tube with cross-section R? Taking this instant

in time to be when the center of L-ellipsoid is on the (x,y)
plane,

Pp = AxAY j £(x,y,2) dz (1)

-0

where f(x,y,z) is the joint normal probability function
associated with L.

The joint normal density function for random
variables X, Y, Z, is given by

-1 ute ly
£(x,y,2) = — (2)

(277)3/2 / det C

where

uT = {x-m - z-m, }
- R A 37 !

C is the covariance (moment) matrix, and

m,, m,, My are the coordinates of the mean.

If the covariance matrix is diagonal, the axes of the equi-
probable ellipsoids are parallel with the axes of reference.
The square roots of the diagonal elements of C are the
standard deviations, Ot oy, S of the random variables.

The integral

[ £ (x,y,2z) dz

-0




in Equation (1) is precisely the density function fz(x,y)

for the marginal distribution of X and Y. It is known
that fz(x,y) itself corresponds to a normal distribution

in the two variables X and Y with standard deviations,

o and oy. Thus, PR is given in terms of a two-dimensional

distribution,

Pp = £, (x,y) sxay . (3)

Let g(x,y,2) be the density function for D. The
probability PRC of collision while the center of L lies in

R is then the probability of finding D in the doubly infinite
tube with rectangular cross-section

{(x-a, x + 0x + a) by (y-b, y + Aoy + b)} .

Here 2a, 2b are the sides of the rectangular croés-section

of L. Thus, PRC is given by the product

o x+a y+b ' . , , .
Ppo = Pp Ji ' f ' f g(x', y', z ) dz dx'dy (4)
z =—w X =X-a Yy =y-b '

Again,

Il ~—

g(x', y , z') dz' = 9, x', vy . (5)

o= OO




Thus,
N oy ax' ey (6)
P._.=P_ - g, (x, y) dx dy
RC R x'=x-a y|=y_b V4
+PR' eR ’
winere the error term PR . eR -+ 0, as ax, Ay - 0.
Finally, the probability P of a collision is
oo o x+a y+b , . . ,
f { ( £ (xy) | / 'f g, (x', y) dx ay ) dxdy (7)
X=— y==o X =X-a y =y-b

Thus the computation of P has been reduced to the evaluation
of a four-fold multiple integral where the integrand is the
product of two two-dimensional marginal density functions.
It can be shown that (Reference A-1) the marginal density
function

-QZ(XIY)/Z
£, (x,y) =S : (8)
/ 21
2ﬂ0102 J1-0
where
2 2
0 (y) o 1 (x-m,) . (y-m;) ) 2p(x-ml)(y-m2)\
z ‘XY 2 2 g,0 ‘

ﬁ_pZ o 9, 172




p is the correlation coefficient for the two-dimensional
matrix obtained from the first two rows and columns of the
covariance matrix. Similar expressions are obtained for
fx(y,z) and fy(x,z).

The integrand in Equation (7) written out fully
is as follows:

(

ol

2 2
- - - — 2 2
(x r;ll) s 2p (x my) (y m,) _ (y m,) (_ X' . 2p:X_'_'1'/" oy
o 9192 5.2 . I 5,12 oq 0 g 12
1 2 1 192 5
2(1"92? QL 2(1_0'2)
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/ 2
2ﬂ0102 ,/l—p2 . 2ncl-02- /l—p'

The primed quantities refer to the debris (D) and the
unprimed to the Skylab (L).

To carry out the integration in (7), an Algol
program was developed. The basic algorithm merely uses
Simpson's three-eighths rule, but the Algocl language permits
an indirect recursive device that greatly simplifies the
program for multi-dimensional integration (see Reference A-2).

Completely arbitrary orientations of the two
ellipsoids as well as non-intersecting mean paths can be
handled in the fashion outlined above. Actual computations,
however, were carried out for the cases that have physical
significance. Since any general case may be obtained from
some simple case by a translation and/or rotation of the
L-ellipsoid -- which means that the covariance matrix is
pre- and post-multiplied by appropriate translation and/or
rotation matrices ~-- the computation of the collision
probability in the most general case is only slightly more
cumbersome.
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APPE!DIN 3

A monte Carlo trials approacih was also used to
uetermine tine provavilities of a collision. Yails technique
involves four steps:

1. Constructing example case mean state vectors,

2. Sanpling from tne uncertainty covariance
matrices and adding the sample aeviation
to cue mean state vector,

3. computing tne aistance at tue point of
closest approaci, and

4, Computing tue proovability values as a
function of miss distance.

Yae Siiylab mean state vector assumes a 235 nm
altitude circular orbit. Yae debris owject wmean position
state vector was set up to nave the desired position relative
to the skylab (e.g. the same position vector for the zero
mean miss case) and the mean velocity vector is determined
on tine pasis of the desired apogee and perigee radius and
orpit »nlane wedge anale.

'he second step involved computing a sample position
and velocity vector for each state. Tiils was wone py first
taking a random samnle deviation vector from the covariance
matrix for cacn of tie two states. Since the covariance
matrix was assumed to apply to tine local vertical coordinate
system of each state, tiue deviation vectors were caca rotated
to tne inertial coordinate system in wuaica the nominal (or
rnean) states were defined, Tre rotated deviation vectors
were thien added to tile riean or nominal state vectors to
ootain the sample state vectors. Tiae set of random numvers
used to sample tue covariance matrix is uon-repeating for
tne set of trials used for eaci case; .1owever, tile same set
of random numvers was used for every case studied.

Witn the sample state vectors set up, tie point of
closest approacih was tnen computed. st first tuis was done



vy iteratively propagating the states using Keplerian motion
until the point of closest approach was located., Tiuis was
found to ve a slow and unnecessary approacn,. 'Lie teciinique
used to compute tne data presented in this menorandur assuned
that the point of closest approacn occurs along a line defined
vy the Siylab sample velocity vector minus tine debris sanple
velocity vector and originating at tne uewnris sample position.
Wie point of closest approach is found vy dropping a
serpendicular from tne Siylab sample position to tnis velocity
difference vector. luals teciinigue was found o produce
answers ldentical to tuose obtained using keplerian
propagation, tnouqu an order of magnitude less computer tine
was reguired.

For eaci case studied, 150U trials were run ana tue
number of times tae miss aistance was less tuian some distance
(e.g. 100, 200, 300 feet, etc.) was counteu. ~Tuese values
were tnen simply divided by 1500 to provide an estimate of
tile provapility of tne dewris passing witain tae given
distance of tne center of the Skylab. Tihe provavility levels
were then plotted as a function of miss distance to provide
an estimate of tine cunwulative distribution function for eacn
case. Figures 1 and 2 are examples of these plots thaouga
otier cases were run., wvata points corresponding to tine data
on Figures 4 and 5 were also computed witil tnis tecnnique
as a cross check vetween the two techniques,
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